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Economic Principles
Solutions to Problem Set 3

Question 1

The WARP requires that, if a bundle zy is chosen when another bundle z; is available,
then when this new bundle x; is itself chosen, z¢y must not be available. Assuming budget
balancedness, w' = p'z’

(a) w®=p°2° =10, pPz! =6, w' = pla! =14, p'a® = 22

Since w® > pP2! and w! < p'a®, WARP is satisfied.

(b) w®=p°2° =40, pz! =32, w'=plal =44, p'2® =55
Since w® > pz! and w! < pla®, WARP is satisfied.

(c) w’=p°2° =5 plzl=5 w'=plat=6, p'a® =38
Since w® = pz! and w! < pla®, WARP is satisfied.

(d) p°2° =100, p’z! =60, plat =74, p'a® =110
Since w® > pz! and w! < pla®, WARP is satisfied.

Question 2

Denote by C; the lottery that gives outcome ¢; with certainty. Order the C; such that
Cy = Cy = C3. Now note that any lottery L = (p1, p2, p3) can be written as p;C1+psCa+p3Cs.
The idea of our proof is as follows. If a lottery L, is as good as another lottery Ly then
independence implies that it is also at least as good as any convex combination of L; and
L. The generalization of this result is that if a lottery L; is at least as good as each of the
lotteries Lo, Ls, ...., L, then it is at least as good as any combination of Ly, Lo, ....., L,. Since
(' is at least as good as (s and Cj, it is also at least as good as any lottery L since every
lottery can be written as a combination of C'y, Cs and C3 However, actually establishing this
result requires a few steps since the original definition of independence is in terms of pairs
of lotteries.

Since Cy = (3, by independence axiom (IA), mixing Cy and C3 with Cy
CkCg + (1 — Oé)CQ = 0603 + (1 — CY)CQ, Va € [O, 1],

ie.,
Cy = aCs+ (1 — a)Cy, Ya € [0, 1].

Since C] = Cy, by transitivity, C; = aCs + (1 — a)Cs.
Again, by TA, mixing C; and aC3 + (1 — a)Cy with C4

B+ (1= B)C1 = BaCs + (1 — a)C) + (1 - B)Cy, Yo, B € [0,1].
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Hence,
Cy = BlaCs+ (1 —a)Cs) + (1= p)Cy

(1 6)01 + (1 — O[)/BCQ + 04603
= (1-0),(1-0a)B,ap)

Let 6 =1 — P1,x = —lzlilpzp27
we have C = L where L = (p1, p2, p3).

Hence, C = L for any L € L

Similarly, we can show that L = C3, for any L = (p1, ps, p3) in L.

Question 3

We can prove the statement either directly using linearity of U or using the definition of
VNM utility function. Since U is VNM iff U is linear, the two proofs are equivalent.
Suppose U has the expected utility form (VNM form),

n
= sz‘ui where L = (p1,p2, .-, Pn)
=1

To show that »= satisfies the independence axiom, we need to show that for lotteries L, L’
and L,

Lrzl<=al+(1—a)l" =al’'+(1—-a)l" VL, L' L"€ L and a € (0,1)

Suppose L= (p17p27 "'7pn)a L'= (p/1>p/27 "'7p;1)7L” = (p,1/7p/2,7 7p;;>
Then

L>=L <« U(L)>U(L)
=D Pt > D Pi
= ay piw > ay - pu, Yae (0,1)
= ad L pu+ (L—a) Y30, pius > a3, pui + (1 —a) D50 pius
= > (api+ (L —a)pf)u; > 377, (apf + (1 — ) pf) u,
< Ul(aL+(1—a)Ll") > U(al' + (1 —a)L")
<~ al+(1—-a)l” =al'+(1—-a)L”

Hence, = satisfies the independence axiom if U has the expected utility form.
Using linearity the proof goes as follow. Suppose U is linear. Then

Ly L« UL) > U(L)
<~ aU(L) > aU(L')
<~ aU(L)+ (1 —-a)U(L") > aU(L)+ (1 —a)U(L")
<~ U(aL+(1—a)l"”) > U(aLl + (1 — a)L”) (by linearity)
—al+(1—-a)l” =al’ +(1—a)L”
Question 4
Let ¢; = $0, ¢ = $5000, ¢5 = $30, 000, then
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Let’s assume, as usual, that »= is complete, transitive and continuous. If TA is satisfied, then

there exists a vN-M utility function that represents = where U(L) = 32> pyu;. Then,

Ly = Ly= U(Ll) > U(LQ)

s b 8 10
U —U —U —U
=100 ' " 100 * " 100 °

Lo . 10
100"~ 100 " 100"
89 11 89 1 10 .89 ,

= mul mﬂz > mul + mul + mﬂg (addlng m to both SldGS)
89 11 90 10

= U+ ——Up > ——Uu;+ ——

100" T 100" = 100" " 100"

= L3z Ly

The preferences Ly = Lo and Ly = L3 do not violate the IA because we can have indifference
between L; and Lo and between L3 and Ly.

However, if the preference relation is strict, i.e., L; = Lo and Ly > L3, the conclusion is
different. As can be seen from above, if TA is satisfied, then L, = Lo implies that L3 = L.
Hence, the preferences L; > Lo and L, > L3 are inconsistent with the IA.

Question 5

1 1 1
Ly ~ L2:>U(L1):U(L2):>§U2+§U3:§><4:2
Ly ~ Li— U(Ls) = U(Ls) —> 2t + 2ug + 2 x 4 = ~uy 4+ 2
~ = —Uy + —u3z + = = —Us + =u
3 4 3 4 32 33 3 62 63
Solving
%U2+%U3:2
%UQ+%U3—|—%X4:%U2+%U3 ’
we get
UQZ]_
U3:3.

Question 6

U(pr,p2) = 3(p1)* + 4 (p2)” + 4V3pip2 = (V3p1 + 2p2)’°
To find the optimal lottery, we solve the following problem:

max 3(p1)? + 4 (p2)” + 4V/3p1ps
s.t. pr+p2=1and p;,ps >0
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We can substitute one of the probabilities in the objective function using the constraint
p1+p2 = 1. We then find that the obective function is strictly increasing in ps (and therefore,
since p; = 1 — py, decreasing in p,) . Therefore, the solution is pf = 0 and p = 1.

Since U(py, p2) = (vV/3p1 +2p2)? represents =, V = /U = v/3p; + 2p, also represents = .This
is because the order of lotteries is not changed if we transform U with a strictly increasing
transformation f. That is U(L) > U(L') < f(U(L)) > f(U(L'))

Since V' has the expected utility form, we know from question 3 that = satisfies the inde-
pendence axiom.

Remark: it is important not to get confused on what the Expected Utility Theorem (EUT)
says. If the preference relation is rational and continuous, and if I A is satisfied, the EUT
ensures the existence of a utility function with the VNM property (i.e. linear in probabilities).
Starting from this representation, if we take strictly increasing transformations that are not
linear, we end up with a new utility function that still represents = but that is not of VNM
form. However, if we take strictly positive affine transformations (the result we proved in
class) the new utility function will still represent = (since the transformation is strictly
increasing) and moreover will be of VNM form.



